We study the dynamic critical phenomena near the possible high-density QCD critical point inside the superfluid phase of nuclear and quark matter. We find that this critical point belongs to a new dynamic universality class beyond the conventional classification by Hohenberg and Halperin. We show that the speed of the superfluid phonon vanishes at the critical point and that the dynamic critical index is z ≈ 2.
FIG. 1.
A schematic QCD phase structure with the hightemperature critical point A and high-density critical point B [8, 9] . The double and single lines denote the first-order transition associated with chiral symmetry breaking/restoration and the second-order transition associated with U(1)B symmetry breaking/restoration, respectively.
called model H [12] [13] [14] [15] in the classification by Hohenberg and Halperin [16] . On the other hand, the universality class of the high-density QCD critical point has not yet been elucidated until now.
In this paper, we study the static and dynamic universality classes of the high-density QCD critical point. 2 We show that its static universality class is the same as that of the high-temperature QCD critical point. On the other hand, we find that its dynamic universality class is different from not only that of the high-temperature QCD critical point, but also those of all the models in the classification by Hohenberg and Halperin [16] ; to the best of our knowledge, this is a new dynamic universality class that has not been found in any other system. 2 Here we will not consider the high-density critical point in the two-flavor color superconductivity in Ref. [11] . Because U(1) B symmetry is not broken in this phase [17] , both of the static and dynamic universality classes are the same as those of the hightemperature critical point. Our focus in this paper will be on the high-density critical point with U(1) B symmetry breaking in Refs. [8, 9] (see also footnote 1).
As we will discuss in this paper, its uniqueness stems from the interplay between the chiral criticality and the presence of the superfluid phonon-a feature specific for the high-density QCD critical point. In other words, experimental identification of this unique dynamic critical phenomenon would provide indirect evidence of the superfluidity in the high-density regime of QCD.
This paper is organized as follows. In Sec. II, we identify a set of hydrodynamic variables near the highdensity QCD critical point. In Secs. III and IV, we study the static and dynamic critical phenomena near the high-density QCD critical point, respectively, by using the simplified model without the energy-momentum density. In Sec. V we consider the full hydrodynamic modes and show that both the static and dynamic universality classes are the same as those in Secs. III and IV. Finally, we conclude with Sec. VI, with the discussion on the physical reason why the high-density QCD critical point belong to the new dynamic universality class.
II. HYDRODYNAMIC VARIABLES
In general, critical phenomena near critical points at long distance and long time scale are independent of microscopic details and depend only on the low-energy degrees of freedom. To describe the critical phenomena of a given system, it is thus sufficient to consider the lowenergy effective theory for slow degrees of freedom called the hydrodynamic variables. Such a low-energy effective theory can be written down based on the systematic derivative expansion guided by the symmetries of the system. Typically, the hydrodynamic variables are the fluctuations of the conserved charges, the order parameter associated with the critical phenomena, and the NambuGoldstone modes associated with spontaneous breaking of some symmetries.
Near the high-density QCD critical point, the hydrodynamic variables are the fluctuations of the following quantities:
(i) The conserved energy and momentum densities, ε ≡ T 00 − T 00 and π i ≡ T 0i .
(ii) The conserved baryon number density, n ≡qγ 0 q − qγ 0 q .
(iii) The chiral condensate, σ ≡qq −.
(iv) The superfluid phonon θ associated with the spontaneous breaking of the U(1) B symmetry, q → qe iθ .
The hydrodynamic variables (i)-(iii) above are the same as those of the high-temperature QCD critical point [14] , but here we have the additional hydrodynamic variable (iv) due to the nuclear/quark superfluids. Note that the fluctuation of the amplitude of the diquark condensate (which we denote by φ) is not the hydrodynamic variable, because the high-density QCD critical point here is characterized by massless σ, and not by φ; the high-density QCD critical point is not related to the second-order superfluid phase transition where φ becomes massless (see Fig. 1 ). Note also that NambuGoldstone modes associated with chiral symmetry breaking do not enter our low-energy effective theory because they acquire finite mass m π in the presence of finite quark masses; we are interested in the low-energy physics with the length scale much larger than 1/m π . In the color superconducting phase, the gluons acquire the mass gap due to the color Meissner effect and do not enter the low-energy effective theory as well.
In the following, we will construct the low-energy effective theory describing the static and dynamic critical phenomena near the high-density QCD critical point, based on the symmetries of QCD at finite T and µ: U(1) B symmetry, chiral symmetry, and discrete CPT symmetries (charge conjugation, parity, and time reversal symmetry). Note that the time reversal symmetry is macroscopically broken by the presence of dissipation in the dynamical case.
As it will turn out that the energy and momentum densities, ε and π i , do not affect the static and dynamic critical phenomena, we will first consider the case only with the hydrodynamic variables x i ≡ σ, n, θ. We will then consider the case also with ε and π i in Sec. V and show that they do not actually affect the static and dynamic universality classes.
III. STATIC UNIVERSALITY CLASS
Let us first study the static properties of the critical phenomena near the high-density QCD critical point. The general Ginzburg-Landau potential consistent with the QCD symmetries (with finite quark mass m q and at finite chemical potential µ) to the second order is given by
where
Here the coefficients a, b, c, d, A, B, C are the functions of T and µ that depend on the microscopic details. Importantly, the mixing between σ and n is allowed in the presence of m q and µ [14] . On the other hand, the mixing terms between θ and σ or n are prohibited by the time reversal symmetry in this static Ginzburg-Landau potential. (Note here that θ is T odd.) One can calculate the correlation functions and static responses to external perturbations by
Because θ is decoupled from σ and n, the correlation function of σ and the baryon number susceptibility defined by χ B ≡ δn/δµ are the same as those for the hightemperature QCD critical point obtained in Ref. [14] :
where V denotes the spatial volume and
The critical point is characterized by the condition that the correlation length diverges, ξ → ∞, or ∆ → 0. Due to the mixing between σ and n, there is only one linear combination of σ and n that becomes massless near the critical point [14] . Note here that θ is irrelevant to the condition for the criticality. Therefore, the static universality class of the high-density QCD critical point is the same as that of the high-temperature one obtained in Ref. [14] : the universality class of the 3D Ising model. Then, the critical exponent of χ B for the high-density QCD critical point can be obtained as
with η ≃ 0.04.
IV. DYNAMIC UNIVERSALITY CLASS A. Langevin equation
We now discuss the dynamics of hydrodynamic variables near the high-density QCD critical point using the low-energy effective theory-the Langevin equation. Following the standard procedure (see, e.g., Ref. [18] ), one can write down the generic Langevin theory for the hydrodynamic variables x i = σ, n, θ aṡ
Here Γ, λ, andλ are the kinetic coefficients related to dissipation and ξ σ , ξ n , and ξ θ are the noise terms. We defineσ ≡qq andñ ≡qγ 0 q, respectively. [On the other hand, note again that σ and n are defined as the fluctuations around the expectation values, σ(r) =σ(r) − σ eq and n(r) =ñ(r) − n eq .] The angler brackets denote the Poisson brackets, which we postulate as
[θ(r),ñ(r
Equation (12) shows that n is canonical conjugate to θ. This can be understood from the U(1) gauge symmetry which dictates that the Lagrangian for the superfluid phonon depends on θ through the form L = L(θ + µ, ∇θ) [19, 20] , so thatñ
Some remarks on the Langevin equations above are in order here. The coefficients of the first two terms on the right-hand side of Eq. (9) include derivatives to satisfy the baryon number conservation,ṅ = 0, in the long wavelength limit, q → 0. According to Onsager's principle, the coefficient of the second term in Eq. (8) must be the same as that of the first term in Eq. (9) . The correlators of ξ σ , ξ n , and ξ θ are chosen such that the equilibrium distribution e −βF is reproduced. Because the noise terms are not important at the mean-field level, we will ignore them in the following.
The variations δF/δx i can be computed by using the Ginzburg-Landau potential (1) as
By substituting Eqs. (11)- (15) into Eqs. (8)- (10) in momentum space (ω, q), the Langevin equation to the order of O(q 2 ) is summarized in the matrix form:
B. Hydrodynamic modes
The hydrodynamic modes can be obtained by solving the proper equation, det M = 0. This equation reduces to
In Eq. (17), we ignore the higher-order terms in q. At this order, the left-hand side of Eq. (17) can be factorized as
This shows that the system near the high-density QCD critical point has three hydrodynamic modes: the relaxation mode and the pair of phonons with the dispersion relations,
respectively. Here
is the speed of the phonon.
We find that c s → 0 due to the divergence of χ B when the critical point is approached [see Eq. (7)]. This is the phenomenon of the critical slowing down.
C. Dynamic critical exponent
The dynamic critical phenomena can be characterized by the dynamic critical exponent z defined by τ ∼ ξ z , or
To find the value of z, we use the following ξ dependences of d and χ B near the high-density QCD critical point:
d is the stiffness parameter (or the "decay constant" for the superfluid phonon), and it does not depend on ξ close to the high-density critical point away from the superfluid phase transition. The behavior of χ B near the critical point is given by Eq. (7).
From Eqs. (22), (23), and (24), one finds the dynamic critical exponent z as
This is different from those of the other models in the classification by Hohenberg and Halperin [16] , indicating that the high-density QCD critical point belongs to a new dynamic universality class.
V. COUPLING TO ENERGY AND MOMENTUM DENSITIES
So far we have ignored the contributions of the energy and momentum densities, ε and π. In this section, we show that these contributions do not affect the static and dynamic universality classes of the high-density QCD critical point obtained above.
A. Statics
Let us first consider the Ginzburg-Landau functional to the second order in terms of σ, n, ε, π, and θ describing static critical phenomena. Similarly to the argument in Sec. III, the time reversal symmetry prohibits the mixing between x i ≡ σ, n, ε and π, θ:
The presence of m q and µ generally allows the mixing among σ, n, and ε in the T -even sector as
Here the subscripts i, j are the shorthand notations for x i , x j . The T -odd sector is given by
We call V ij , v ij , V ππ , V πθ , and V θθ the Ginzburg-Landau parameters. By completing the square, Eq. (29) becomes
πθ /V ππ . Below we assume that V ′ θθ > 0 and redefine π ′ and V ′ θθ as π and V θθ for simplicity. In a way similar to Eq. (4) in Sec. III, the correlation length ξ is defined from the correlation function of σ. In the present case, we find
The critical point is characterized by the condition, det V = 0, analogously to the condition ∆ = 0 in Sec. III. At the critical point, only one of the linear combinations of σ, n, and ε becomes massless. Due to the degeneracy among σ, n, and ε, the static universality class remains the same as that of Sec. III. We define the generalized susceptibilities
where x i Xj is the the expectation value of x i in Eq. (3) with the replacement βF → βF + drx j X j (where summation over the index j is not implied) with X ε ≡ −β, X n ≡ βµ, and X σ ≡ βm q . One can show the general relation between χ ij and V ij as
where (V −1 ) ij denotes the (i, j) component of the inverse matrix of V .
B. Dynamics
Full Langevin equations
To describe the dynamic critical phenomena, we now consider the Langevin equations in terms of the full hydrodynamic variables x i = σ, n, ε and π, θ. The Langevin equations reaḋ
where summation over repeated indices i, j is understood. Here
Γ αβ (α, β = x i , π, θ), and Γ ′ ππ are the kinetic coefficients, andε ≡ T 00 . The noise terms ξ i , ξ π , and ξ θ above are not important in the following discussion. To write down the equations above, we took into account the momentum conservation law and the Onsager's principle, similarly to Sec. IV.
We postulate the Poisson brackets, in addition to Eqs. (11) and (12), as follows:
[π(r),ñ(r
[π(r),s(r
[θ(r),s(r
Heres(r) denotes the entropy density. The Poisson brackets concerningε(r) can be derived as
[θ(r),ε(r
Here we used the thermodynamic relation, dε = T ds + µdn and the definition of the Poisson brack- We consider the small fluctuations of variables around the equilibrium values, σ(r) =σ(r) − σ eq , n(r) =ñ(r) − n eq , and s(r) =s(r)−s eq . Then, the linearized Langevin equations can be written as follows:
where w eq = T s eq + µn eq .
Decomposition of momentum density
It is convenient to work in the (t, q) space to decompose the momentum density π i into the longitudinal and transverse parts with respect to momentum q,
where P L,T are the longitudinal and transverse projections defined by
One can show that the dynamics of π i T is decoupled from the dynamics of the other variables as follows. The linearized Langevin equations obtained above can be written down to the leading order of q aṡ
where f (x k , θ), g(x k ) and h(x k , θ) denote the terms that may involve x k and θ, but do not π. The coefficients A x k , A π , A θ , and B π denote the parameters which depend on the Ginzburg-Landau parameters V ij , v ij , kinetic coefficients, and equilibrium values of the thermodynamic quantities. The explicit forms of these coefficients are not important for our purpose. Using π L,T , Eqs. (54)- (56) can be rewritten aṡ
So the dynamics of π i L and π i T are decoupled from each other at the mean-field level.
Hydrodynamic modes
It is easy to obtain the Langevin equation for π T in the (ω, q) space as
which shows the diffusion mode.
The other Langevin equations which involve π L (but not π T ) can be summarized in the form of the matrix equation,
where A αβ and a αβ are the parameters depending on V ij , v ij , kinetic coefficients, and thermodynamic quantities. Note that A αβ , a αβ are not symmetric with respect to α and β.
The eigenfrequencies of Eq. (62) can be found from det M = 0, which yields
where g 0 , · · · , g 4 are the functions of A αβ and a αβ . Among others, we only give the explicit expressions for A σσ , g 2 , and g 0 ,
Comparing it with Eq. (23), we find that the dynamic critical exponent z is again given by Eq. (25): the dynamic universality class remains the same as the case without the coupling to ε and π in Sec. IV. Finally, we remark that the dynamic critical exponent z obtained above is not affected by nonlinear couplings beyond the mean field. This can be understood by recalling that what is renormalized by nonlinear terms is the kinetic coefficient [18] and that Eq. (74) does not depend on any kinetic coefficient. This should be contrasted with the case of the high-temperature QCD critical point, where the dynamic critical exponent is modified by nonlinear couplings [14] . This is because the hydrodynamic mode that exhibits the critical slowing down there is the diffusion mode, whose diffusion rate depends on a kinetic coefficient.
VI. CONCLUSION AND DISCUSSION
In this paper, we have shown that the high-density QCD critical point belongs to the new dynamic universality class that is beyond the conventional classification by Hohenberg and Halperin. We have demonstrated that the speed of the superfluid phonon vanishes as the critical point is approached and that the dynamic critical index is z ≈ 2.
The physical reason why the dynamic universality class of the high-density QCD critical point is new can be understood as follows. First, it is different from that of the high-temperature QCD critical point (i.e., model H [14] ) due to the presence of the superfluid phonon associated with the U(1) B symmetry breaking. Second, it must also be different from that of the superfluid transition of 4 He despite the presence of superfluid phonons in both cases. This is because the former criticality is characterized by the vanishing chiral order parameter (with a nonzero superfluid gap), while the latter is characterized by the vanishing superfluid gap (or vanishing stiffness constant).
3
Our results suggest that, while the static critical phenomena cannot distinguish between the hightemperature and high-density QCD critical points, the dynamic critical phenomena can distinguish between the two. It would be important to study possible phenomenological consequences and experimental signatures of the high-density critical point to be tested in future heavy ion collision experiments, similarly to the high-temperature one [22] . The uniqueness of the dynamic critical phenomena around the high-density QCD critical point, if observed, would provide indirect evidence of the superfluidity in high-density QCD matter.
